In this article, we discuss properties of extended thermodynamics of irreversible processes first within the Newtonian framework and secondly within the general relativistic regime. After an introduction to the balance laws for continuous media, we discuss the field of the classical irreversible thermodynamics (CIT) and the role of the local-equilibrium postulate within this branch of non equilibrium thermodynamics. The unpleasant infinite propagation of disturbances predicted by (CIT) lead to the development of the extended irreversible thermodynamics (EIT), a field that sprang out after an influential paper by Muller [7] . In (EIT), a central role is played by a generalized entropy function that depends upon additional state variables beyond those predicted by the local-equilibrium postulate. Through this hypothesis, (EIT) restores finite propagation of heat and viscous disturbances, when it is applied to dissipative fluids. Relativistic (EIT) or transient thermodynamics, discovered independently by Israel [16] and in this review, we discuss its salient features. A central issue in the development of irreversible relativistic thermodynamics and thus also in the development of transient thermodynamics, is the absence of preferable rest frames associate with non equilibrium states. As Israel has been stressing for long period of time, as long as considerations are restricted to near equilibrium states a theory of small deviations from equilibrium can be constructed which is manifestly invariant under first order changes of the rest frame. A key tool for the construction of this theory is the covariant Gibbs relation combined with the release of variation assumption employed in refs.
these tools lead to a fundamental relation between the entropy flux, primary variables and generalized fluxes and this relation constitutes the backbone of transient thermodynamics. Within this framework, we discuss how first order theories, like the Eckart and Landau-Lifshitz theories emerge and how the extended (or second order) theories are generated. For a simple fluid, second order theories lead to the appearance of new transport coefficients in the phenomenological laws. For isotropic states, they appear altogether five transport coefficients interpreted as relaxation times for viscous stresses and heat flow. Thus second order theories are much more complex than the conventional first order ones, but have the merit that they are theories that respect causality. With the monumental detection of gravitational waves by LIGO, it is expected that transient thermodynamics to play an important role in the description of flows within regions where the gravitational field is intense and thus a review of the principles of the transient thermodynamics may be of relevance.
Introduction
The date 14 of September of 2015 will remain in the annals of gravitational physics as a landmark date. At that date, the upgraded Laser Interferometer Gravitational Wave Observatory (LIGO) captured gravitational waves from two circling each other black holes, the first detection of gravitational waves in the human history. The event announced in a press conference on 11 of February in 2016 and the reader is referred to the web page of the LIGO observatory [1] for a thorough analysis of this detection. With this detection, it is verified for another time that Einstein's General Theory of Relativity is a superb theory where its minutes predictions one after the other are observationally confirmed. In an era, where the LIGO observatory is operational and in the near future the advanced VIRGO and KAGRA observatories are expected to be operational, accretion of matter into black holes and other compact objects, plasmas in the very early universe, supernovae explosions and core collapse, are going to be under observational scrutiny. In these processes, relativistic flows and relativistic thermodynamics play an important role and it is the job of relativists to model these processes accurately and consistently with the principles of relativistic physics. Interestingly, conventional relativistic theories of irreversible thermodynamics [2, 3] predict instantaneous propagation of thermal and viscous effects which to use the words of Israel and Stewart [4] "is an offense to the intuition, which expects propagation at about the mean molecular speed; in a consistent relativistic theory it ought to be completely prohibited ". Beyond this deficiency, first order theories, suffer from other drawbacks: for instance in ref. [6] it was proved that small-amplitude disturbances from equilibrium states diverge exponentially on a very short time scale. These features of conventional relativistic thermodynamics has been a source of concern and many researchers are skeptical whether conventional theories could model accurately process characterized by rapid spatial and temporal variations of heat fluxes and viscous stresses. Fortunately however, in the last few decades, there has been a progress into the field of non equilibrium thermodynamics both at the classical and the general relativistic domain. Theories of extended irreversible thermodynamics have been developed which lead to the appearance of hyperbolic equations predicting finite and causal propagation of thermal and viscous disturbances (see for instance refs. [7] , [8] , [16] , [4] , [5] , [6] , [21] ). This is a positive development and an understanding of the basic principles of this new field of thermodynamics is timing, and helpful. Motivated by the new "gravitational window" of observing the universe and the importance of relativistic thermodynamics in regions where the gravitational field is intense, this articles introduces the principles of the extended theories of irreversible thermodynamics both at the classical (i.e. Newtonian framework) and general relativistic level. It is a review of the principles that underly these developments and it is directed at those who are interested to learn and apply non equilibrium relativistic thermodynamics into problems in relativistic astrophysics and the very early universe. Thermodynamics is an empirical science which has been developed after persistent studies of the properties of matter under external stimuli and these studies culminated in the formulation of the four laws of (equilibrium) thermodynamics. Gradually and beginning with the work of Onsager [10, 11] , near-equilibrium states began to be incorporated into the field of thermodynamics and this lead to the development of the classical irreversible thermodynamics (CIT). The cornerstone that underlies (CIT) is the local-equilibrium postulate. Via this postulate, in combination with the Gibbs relation, it is relatively easy to construct the evolution in time of the entropy of non equilibrium states and further ahead we shall see in details how this evolution comes about. This branch of thermodynamics had a considerable experimental successes and led to an enormous amount of scientific work (for an over view see for instance [12, 13, 14, 15, 21] ). Despite the success of (CIT), the field suffers from some serious drawbacks. The local-equilibrium postulate dictates that a non equilibrium state is in effect described by the same variables as an equilibrium one. It is conceivable however, that other variables not found in equilibrium may influence the thermodynamical equations in a non equilibrium situations. Moreover, the theory predicts parabolic set of equations implying infinite speed of propagation of thermal and viscous signals. Although these predictions are not really in contradiction with the Newtonian framework, as we have already mentioned, they are in contradiction with the spirit of the relativistic framework. The problem of the infinite propagation of thermal and viscous signals remained open until 1967, when Müller in an inlfuential paper [7] has shown that the paradox of Fourier's heat conduction (propagation of temperature disturbance with infinity velocity) is a consequence of an insufficient description of the thermodynamical state in equilibrium. Taking the heat flow, bulk and shear stresses as additional state variables, he derived an extended theory of thermodynamics of irreversible processes which removes the paradox of heat conduction theory for materials with appropriate equation of state. Thus with Muller's paper [7] , the new era of the extended thermodynamics of irreversible process has begun. The extended irreversible thermodynamics (EIT) in contrast to (CIT), it is not based on the local-equilibrium postulate, instead a generalized entropy of non equilibrium states is defined that depends upon dissipative fluxes such as heat flux, shear, etc. Compatibility of this generalized entropy with the second law requires the dissipative fluxes to obey appropriate evolution equations and further ahead we discuss that point in detail. For an overview of (EIT), further references, experimental verifications and for open problems the reader is refereed to refs. [21] , [23] , [25] , [26] , [27] . The principles of (EIT) within the relativistic regime have been discovered independently by Israel [16] in (1976) . Since then the relativistic extended irreversible thermodynamics has been applied to study properties of non equilibrium states of simple fluids or mixtures of fluids and states of a relativistic simple gas [16] , [4] . In refs. [28] , [29] the theory extended to cover relativistic elastic media and in ref. [30] non equilibrium states of media polarized by an electromagnetic field were investigated.
In this work, we introduce the principles of the extended relativistic thermodynamics or transient thermodynamics, by studying non equilibrium states of a simple fluid or states describing mixture of fluids. Our approach follows closely the development in refs [16] , [4] which treat states that are close to thermal equilibrium. Because this notion plays a central role in the development of transient thermodynamics, we find convenient at this point to define precisely what is meant by this term. An arbitrary state of a simple fluid is described by a set of primary variables consisting of the conserved and symmetric energy momentum tensor T , a conserved timelike particle current J and the entropy four vector S. For classical fluids, T defines a unique timelike eigenvector u E that determines the Landau-Lifshitz (or energy) frame while the particle current J via J µ = n N u µ N , determines the unit timelike vector u N that specifies the Eckart frame (or particle frame). At any event within the fluid, and relative to an orthonormal tetrad (u E , e i , i ∈ (1, 2, 3)), we may write:
, g(u e , e 1 ) = 0, (1) where v = ve 1 is the "relative velocity" of the u N frame relative to the LandauLifshitz frame. This relation implies that the components of the particle current take the form
which means that in the two frames, the particles densities n N and n E are related via n E = n N coshǫ while ĵ = n N sinhǫ e 1 is the particle drift as perceived in the Landau-Lifshitz frame. The pseudo angle ǫ between u E and u N satisfies:
and since in equilibrium (local or global) u E and u N coincide and thus ǫ = 0, it is natural to define states of the fluid 1 as been close to equilibrium as those states having the property that the pseudo angle between u E and u N obeys i.e. ǫ << 1. For such states, (1) and (2) imply that ǫ << 1 is equivalent to
where we passed to the last equality employing the notation 2ĵ =: ν µ (u E ). Beyond validity of (3), for states close to equilibrioum the viscous stresses denoted by τ µν are required to be small in an appropriate sense that this condition is expressed in [16] in the form τ
where (τ µν E , ρ E ) are the components of the viscous stresses and energy density as measured relative to the energy frame (we shall these stresses further ahead).
In the development of the transient thermodynamics, we shall always consider states of the fluid obeying conditions (3), (4) and these relations in turn imply that on the tangent space of each event within the fluid a "cone" of opening angle ǫ ≃ v c = O 1 << 1. Any four velocity u that falls within this cone can be used as a potential rest frame and such frame can be employed to formulate thermodynamical relations. Despite the plurality of these rest frames, a consistent thermodynamical theory can be developed that is manifestly invariant under first-order changes of the rest-frame u, i.e. change in the rest frame described by
Under this transformation many thermodynamical variables transform in a well defined manner so that a theory can be developed that remains invariant under first order changes of the rest frame. For example (2) implies that the particle densities n E and n N obey n E −n N = O 2 and thus to the first order deviations from equilibrium the measured density n is independent whether the energy frame or Eckart frame is employed, provided we neglect O 2 terms. As we shall see further ahead an analogous property holds for observables measured relative to a frame specified by an arbitrary
As for the case of the classical (EIT), similarly for its relativistic extension the central issue is the relation between the entropy flux S µ , energy momentum tensor T and the particle currents J A . Israel in [16] , based on results from kinetic theory, argues that for arbitrary non equilibrium states such relationship may not exist but whenever considerations are restricted to near-equilibrium states, such relation is possible and in [16] he proposed that the entropy flux S µ depends linearly on the energy momentum and particle currents but also involve term quadratic in the deviations from equilibrium (for a detailed discussion concerning this crucial point consult section 6 of ref. [16] ). In [4] , the same fundamental relation has been re-derived in an elegant manner based on the covariant form of the Gibbs relation and by invoking an assumption refereed "as the release of variation assumption." Based on these two principles, the resulting S µ involves second order in deviations from equilibrium and this hypothesis result in a generalized irreversible thermodynamics for simple fluids and fluid mixtures which is applicable to nonstationary processes and reconcilable with causality. In sections (6 − 8), we discuss some basic properties of transient thermodynamics as applied to fluids. We discuss global and local equilibrium states of fluids and derive the covariant Gibbs relation. The fundamental relation between entropy, primary and secondary variables that describe near equilibrium states is derived in section (7) . We are discussing how the first theories of Landau-Lifshitz and Eckart are emerging and derive the corresponding phenomenological laws. Within the context of second order theories we discuss the derivation of the phenomenological laws and comment on their structures. This review is organized as follows. In the sections (2 − 4), we remind the reader a few relevant properties of Newtonian continuous media. We derive the balance laws for mass, linear momentum and total energy and based on these laws, we discuss the formulation of the second law of thermodynamics via the Clausius-Duhem relation and briefly, we discuss the connection of this inequality to the program of Rational thermodynamics (RT). The next section, introduce the field of classical irreversible thermodynamics (CIT) and discuss the relation of the local-equilibrium hypothesis and the implementation of the second law within (CIT). In section (6) we analyze the principles of the extended irreversible thermodynamics (EIT) and discuss in some detail the similarities and differences between the two branches. Section (7) discusses the description of continuous media within the relativistic regime and introduces the notion of primary and auxiliary variables describing an arbitrary (non equilibrium) state of the medium. In section (8), we discuss properties of states describing global (or local) thermodynamical equilibrium and derive the covariant form of the Gibbs relation. In section (9), we describe states near equilibrium and introduce the relativistic version of (EIT). We finish this paper with a conclusion section discussing applications and open problems.
Continuous thermodynamics
We begin by reviewing briefly the field of continuous thermodynamics and sections (2 − 4) follow closely the approach of ref. [17] . We assume a Newtonian background and consider an electrically neutral, continuous medium which at t = 0 occupies a smooth bounded region U of Euclidean R 3 with smooth boundary ∂U. For generality purposes, we assume that the medium is acted upon by external forces whose nature for the moment are left unspecified. The kinematics of the medium is described by one parameter family of orientation preserving diffeomorphisms 3 φ t , t ≥ 0 defined according to:
so that the family of the images φ t (U) := U t , t > 0 describe the evolution in time t of the initial distribution which at t = 0 occupies the region U := φ 0 (U). Local coordinates X over U serves as Lagrangian labels for the elements of the medium and the set: {φ(t, X), t ≥ 0} describes a smooth trajectory whose velocity V ( X, t) and acceleration g( X, t) are
The Eulerian 4 velocity field u( x, t) is defined via
and by the chain rule it follows that
which implies that the "Lagrangian and Eulerian accelerations" are related via:
3 For the purpose of this work, we assume the motion to be smooth enough so that all mathematical operations are well defined. In ref. [17] , C r regular motions are defined, but in this work we do not enter in such fine mathematical details.
4 An x ∈ R 3 is the Eulerian coordinate of point on the trajectory {φ(t, X), t ≥ 0} provided x = φ(t, X) for some t ≥ 0.
More generally, for any function Q( X, t), we associate the Eulerian counterpart q( x, t) via q( x, t) = Q( X, t)
and again the chain rule implies
with ( X, t) and ( x, t) satisfying (t, x) = (t, φ( X, t)). Clearly the operator
differentiates along the flow lines of the velocity field.
Before we discuss the dynamical laws and the thermodynamics of the medium, we remind the reader of two important attributes of any continuous media, namely the stress and for heat conducting media the heat flux.
The concept of the stress, introduced by Cauchy a century and a half after Newton, describes the internal forces generated by the medium itself. According to the Stress principle of Cauchy 5 for any oriented surface element with normal vector n, the medium exerts a force t(x, t, n) depending upon t, the spatial point x = φ(t, X) and the normal vector n. This "vector field" t(x, t, n), also referred as the Cauchy stress vector, plays an important role in the structure of the dynamical laws describing the medium. For heat conducting media, the conduction of heat is described by the heat flux function h(t, x, n) which describes the rate of heat conduction across any oriented surface with unit normal n. Further ahead, we shall see, that the first law of thermodynamics (or the law of energy conservation) requires the existence of a vector field q(t, x) such that
where the vector q(t, x) is called the heat flux vector.
In order to formulate the balance equations for the medium, we ought to keep in mind that within the Newtonian framework the following principles hold: a) mass is neither created nor destroyed.
b) Newton's second law valid in the sense that the rate of change of linear momentum of any part of the medium equals to the total force acting on this part of the medium. c) Energy neither is created nor is destroyed.
d) Entropy never decreases in the forward direction of time.
These principles can be incorporated into the dynamics of the medium and here the transport theorem is very helpful. If R(t, x) is any sufficiently smooth scalar function and φ t (Û ) is any smooth region of the fluid at time t transported from a subregion 6 U of the initial U, then this theorem states that the following relation holds:
The derivation of this formula can be found in [17] (or in any text of advanced calculus).
The first conservation law for a continuous media expresses mass conservation. Classically, any continuous medium is characterized by a mass density function ρ(t, x) with the property that M(V ) = V ρd x is the mass within V (assuming ρ( x, t) and V are sufficiently smooth for the integral to exist). The density ρ( x, t) obeys the conservation of mass principle, provided
This condition, coupled with the transport theorem leads to the following easily verifiable theorem:
Theorem 1 Let φ t , t > 0 a motion of the medium and ρ(t, x) a smooth density function, then the following are equivalent:
3) the equation of continuity holds:
where ρ 0 ( X) refers to the mass density of the initial t = 0 configuration and J(t, X) = det(
We now consider the balance of momentum according to the definition:
Definition 1 For a given motion φ t , t ≥ 0, mass density ρ(t, x), Cauchy's stress vector field t(x, t, n) and external force field b( x, t), we are saying that the balance of momentum is satisfied provided that for every φ t (Û ), the following relation holds:
where t(t, x, n) is evaluated on the boundary ∂φ t (Û ) of φ t (Û) and da stands for the surface element of ∂φ t (Û ). This integral law implies that linear momentum 7 changes within φ t (Û) only when nonzero force acts upon φ t (Û ). As it stands, the balance law of linear momentum does not lead to a local conservation law. However, under some assumptions regarding the smoothness of the motion φ t , t ≥ 0, the Cauchy's stress vector field t(x, t, n), and as long as the balance of linear momentum holds (in the sense that (15) holds), it can be shown that there exist a unique second rank tensor field 8 σ = σ(t, x) referred as the Cauchy's stress tensor, so that the components of t(t, x, n) can be written in the form:
where σ ab (t, x) are the components of the Cauchy's stress tensor, g ab the components of the Euclidean metric of R 3 and as always n a are the components of the outward pointing normal vector field of the ∂φ t (Û ). Using this representation of t(t, x, n) in (15), assuming mass conservation, then via the divergence theorem and the property that (15) holds for arbitrary φ t (Û ), we arrive at the local law 9 :
This law in Cartesian coordinates takes the form
Just for completeness we also mention the balance of angular momentum. Definition 2 Under the same assumptions as in the Definition 1, we are saying that the balance of angular momentum is satisfied provided
where x stands for the position vector relative to same origin and x × u is the operation of the standard cross product of the Euclidean R 3 . 8 For the derivation of this important property see Theorem 2.2 on page 134 in ref. [17] . 9 Similar analysis holds for the balance law of the angular momentum. Here a local conservation law for angular momentum requires the Cauchy's stress tensor to be symmetric. For a derivation of the local angular momentum conservation law see Theorem 2.10 on page 138 of ref. [17] .
10 It is worth stressing that both balance of linear momentum and angular momentum in the last two definitions are using the linear structure of the underlying Euclidean R 3 and special care is required when they are applied to system of coordinates that are not Cartesian ones.
and these equations cannot be solved until we know how σ(t, x) depends upon the motion of the medium itself.
The first law for continuous thermodynamics
We now discuss the first law of thermodynamics and this law expresses conservation of total energy. Numerous experiments and observations show that apart from the mechanical energy, continuous media possesses internal energy 11 . Accordingly, a thermodynamical state of the medium besides the mass density ρ(x, t), the stress tensor σ(x, t), the external force field/unit mass b(t, x) is enlarged by the inclusion of: the internal energy/unit mass e(x, t),
( n is the outward pointing normal on an oriented surface), the heat supply/unit mass Q(x, t).
In terms of these new variables and for any t > 0, the total kinetic energy T (t) and total internal energy U(t) for any φ t (Û) are given by
and now we have the following definition Definition 3 For a motion φ t , t > 0 a state of the medium described by ρ(t, x), u(t, x), e(x, t), h(x, t, n), Q(x, t) obeys the balance of energy principle if the following relation holds:
The meaning of this integral law is clear. The rate of change of the total energy (= kinetic energy + internal energy (including potential energy)) within φ t (Û ) is the results of work performed by the external force, stress force plus the supply of heat by external sources.
As for the balance of momentum, the integral relation (21) yields a local conservation law provided the heat flux function h(t, x, n) and the Cauchy's stress field t(t, x, n) are written in terms of the heat vector 12 q(t, x) and Cauchy's stress tensor σ(t, x). Applying then the divergence theorem and assuming mass and linear momentum conservations, we arrive at the differential law:
Combining again the linear momentum conservation and (22), we derive the following law
that will be useful further ahead. Up to this point, the functional form of the Cauchy stress tensor σ(t, x) (and heat flux vector q(t, x)) are left unspecified. However, in order to get some insights 13 , let us assume that for a medium the Cauchy stress tensor σ(t, x) has the form:
where P (t, x) is a smooth function and as before g ij are the contravariant components of the Euclidean metric. For this choice, the law of linear momentum (18) yields ρ˙ u( x, t) = −∇P + ρ b (25) which is recognized as the Euler's equation. Thus a medium whose Cauchy's stress tensor is described by (24) is an ideal fluid and P stands for the (thermodynamical) pressure. For other types of media, the Cauchy's stress tensor has a more complicated structure and often is decomposed according to:
Here, motivated by the terminology used in the theory of Navier-Stokes fluids, it is common to refer P (v) as the bulk stress, the traceless part σ ij (v) as the shear viscous stress and σ as a the pressure tensor and in the upcoming sections we shall maintain this terminology.
The second law for continuous thermodynamics
We are now coming to the conceptually most difficult and controversial aspect of continuous thermodynamics namely the formulation of the second law. One way to implement this law is to appeal to some ideas of Rational Thermodynamics 14 (RT). In the context of (RT), the second law is formulated by introducing two additional state functions: the entropy/unit mass s(x, t), the local temperature T (x, t).
With these new variables, we now have the following definition
Definition 4 For a given motion φ t , t > 0, a state of a continuous media described by: ρ(t, x), e(x, t), h(x, t, n), Q(x, t), s(x, t), T (t, x) satisfies the second law of thermodynamics if the rate of entropy production within any φ t (Û ), i.e.
satisfies the Clausius-Duhem integral inequality
This inequality asserts that the rate of entropy increase within φ t (Û), is greater (or equal) than the entropies generated by the heat supply and heat flux through the boundary ∂φ t (Û ). For states with Q(t, x) = h(t, x) = 0 the Clausius-Duhem inequality implies that compatibility of such state with the second law demands
14 For an introduction to the formulation of Rational Thermodynamics, the reader is refereed to [18] , [19] , [20] , see also discussion in [17] , [21] .
The Clausius-Duhem inequality can be expressed in a local form provided that we introduce the heat flux vector
where as before n is the outward pointing normal vector of ∂φ t (Û ). In that event, it is easily seen that (35) yields the point wise inequality:
which ensures validity of the second law. One way to address validity of this inequality is to appeal to the theory of constitutive relations and for further details of this approach successes and failures consult ref. [17] , [21] and further references therein.
Classical Irreversible Thermodynamics
As we have seen above, (RT) implements the second law via the Clausius-Duhem inequality combined with the theory of constitutive relations. However, there are other ways that the second law can be implemented and in this section, we discuss first Classical Irreversible Thermodynamics (CIT). This branch of non equilibrium thermodynamics, maintains the conservations laws for mass, linear momentum and total energy but uses the local thermodynamical equilibrium postulate (local-equilibrium in short) as a tool to derive an expression for the entropy production and entropy flux. In order to see how this postulate implements the second law, we recall first that a medium finds itself in a state of local-equilibrium, if at any point (t, x) a sufficiently large cell can be introduced so that to be considered as a thermodynamic subsystem by itself but at the same time the cell is considered sufficiently small so that the state variables within the cell satisfy the same thermodynamical relations as if the system as a whole was in a state of global thermodynamical equilibrium. This postulate is a strong constraint and fixes at once the dependance of the entropy function upon the state variables. In order to see how this postulate works, we consider briefly the case of a simple fluid. We assume that the fluid is described by a motion φ t , t ≥ 0, and the balance laws derived in the previous sections hold while the fluid finds itself in a state of localequilibrium. This means that at any (t, x) the Gibbs relation holds in the form
where T := T (t, x), s := (t, x), ρ := ρ(t, x), etc. Accordingly for any fluid element labeled by (t, X) the evolution of the entropy s(t, x) in time obeys:
while for any two nearby fluids element at (t, x) and (t, x + d x) the state variables satisfy
where ∇ is the standard gradient operator on the Euclidean R 3 . Combining (32) with the mass conservation law we obtain
and by appealing to the rest of the balance equations we eventually arrive at
Employing the splitting of the symmetric σ ij in (26 ) and splitting further the symmetric part of the gradient of the velocity field according to
we find upon substituting these decompositions into (35) :
which can be written in the form:
In this form, J E is interpreted as entropy flux while σ as the entropy production per unit volume and unit time and they are given by
For the following analysis, we set the external supply to zero i.e. set Q = 0, since it is not a source of irreversibility. In the special case where in addition q = P v = σ ij v = 0 (and Q = 0), there is no generation of entropy and we are in the regime of the Eulerian hydrodynamics.
From (39) , and by standard notation we refer to q, P v , σ ij v as the dissipative fluxes while the corresponing ∇T T 2 ,
as the corresponding thermodynamical forces.
The structure of (38) enforces the second law provided the function σ in (39) is semipositive definite. A look at this σ verifies its semi-positive character provided the following linear relations hold:
where the coefficients µ 1 , µ 0 , µ 2 may be temperature dependent and are subject to the restrictions: µ 1 ≥ 0, µ 0 ≥ 0 and µ 2 ≥ 0. A more common representation of µ 1 , µ 0 and µ 2 is through the coefficients of thermal conductivity k, bulk viscosity ζ and shear viscosity η via
implying the more familiar relations
and this representation guarantees validity of the second law. Although in this section, we applied the principles of (CIT) to a simple, electrically neutral fluid, the principles of (CIT) can be applied to describe non equilibrium states for a fluid mixture or states of other physical systems and the reader is referred to the refs [12, 13, 14, 15, 21] for more details describing the successes and (failures) of (CIT).
Extended Irreversible Thermodynamics
In this section, we introduce the field of the extended irreversible thermodynamics (EIT) which as we mentioned at the introduction, developed after a paper written 15 by Müller [7] in (1967). The central idea of (EIT) is the notion of a generalized entropy which as a thermodynamical function now depends upon the classical variables but also depends upon dissipative fluxes ( or other variables).
As for the case of (CIT), we shall introduce the principal ideas of (EIT) by treating again non equilibrium states of a simple non relativistic fluid. The starting point for this treatment is to postulate that a generalized entropy density s depends upon the internal energy e and specific volume v but also depends upon the heat flux q the bulk P
where summation over the indices (i, j) is understood and the partial derivative of s with respect to e is taken by keeping (v, q, P v , σ 
as well as a non-equilibrium thermodynamical pressure π via
while the remaining partial derivatives in (44) are written symbolically in the form:
∂s
∂s ∂σ
where (a i 10 , a 00 , a ij 21 ) are respectively the components of a vector, a scalar and a second rank symmetric tensor, depending in general upon (e, v, q, P v , σ v ij ) (the specific density v and the minus sign have been chosen for convenience).
In order to proceed further, we assume that s = s(e, v, q, P v , σ v ij ) has a quadratic dependance upon the flux variables ( q, P v , σ v ij ) and for such states the partial derivatives in (52-??) take the form
where now the function (a 10 , a 00 , a 21 ) depend only upon (e, v). This choice of s = s(e, v, q, P v , σ v ij ) implies that the non equilibrium states are considered to be small perturbations around an equilibrium state. Accordingly, the non equilibrium temperature Θ and non equilibrium pressure π differ from the corresponding localequilibrium temperature T and pressure P by terms that are quadratic in the flux variables ( q, P v , σ v ij ) and thus within the linearized approximation Θ and non equilibrium pressure π coincide with their local-equilibrium values 17 . Under this assumption, the generalized Gibbs relation (44) takes the form
which implies that the evolution of entropy is according tȯ
This relation should be compared with the corresponding eq. (34) describingṡ within the framework of (CIT). Whereas within the (EIT) the time or and spatial variations of the fluxes ( q, P v , σ v ij ) generate entropy no such generations takes palce within the (CIT). Moreover and as we already seen in the derivation of the balance laws of continuous media in sections (2 − 4), these laws do not restrict in any way the time or spatial variations of the corresponding fluxes ( q, P v , σ v ij ). Therefore within the framework of (EIT) the variations of the fluxes needs to be determined and here the implementation of the the second law puts restrictions on the variations of the fluxes. In order to discuss these restrictions, we note that (54) combined with the balance laws forė andv implies 17 In the remaining part of this section Θ can be replaced by T and π by the thermodynamical pressure P .
We write tis evolution equation in the form (38) where for an isotropic state the most general vector J depending upon the variables (e, v, q, P v , σ v ij ) and up to second-order terms in the fluxes, has the form:
where the coefficients β ′ and β ′′ depend upon e and v. Using this representation and (55) we find that the entropy production σ can be cast in the form
where the coefficients ( X 1 , X 0 , X (2)ij ) have the form (for more details regarding the derivation of (56,57) see sections (2.3, 2.4) of ref. [21] ):
where (q j ) st stands for the symmetric, traceless part of the second rank tensor ∂ j q i .
With the entropy production σ in the form (57), the semi-positive character of σ is guaranteed (and thus the second law is implemented) assuming
where (µ 1 , µ 0 , µ 2 ) are new phenomenological coefficients that are allowed to have dependance upon (e, v). The linear relations (61) between "fluxes and forces" accomplishes two things: First by assuming µ 1 ≥ 0, µ 0 ≥ 0, µ 2 ≥ 0 the second law is satisfied. Furthermore, since each term in (59-60) involves the evolution of the heat flux q, viscous pressure P v and shear viscosity σ ij v , it follows that the relations in acts as the dynamical evolution equation for the dissipative fluxes. The dynamical evolution equations resulting from (61) are discussed at great length in ref. [21] . We are not going to pursue any further the analysis of (EIT) in this work. For more details, open problems and potentialities of non relativistic (EIT) the reader is referred to vast literature (see for instance [21] , [23] , [25] , [26] , [27] ).
Continuous media in a relativistic setting
From this section onward, we consider the thermodynamical properties of continuous media propagating on an arbitrary spacetime (M, g) and our aim is to extend the principles of (EIT) into the relativistic domain. Thermodynamics of relativistic continuous media has been the subject of many investigations (see for instance [31] , [32] , [33] , [34] , [35] , [2] , [3] ) and these studies cover the nature of relativistic equilibrium, the formulation of the second law, aspects of relativistic irreversible thermodynamics of fluids, elastic solids etc. However the following sections deviates from these traditional topics. Instead they are devoted to the principles of extended theories of relativistic irreversible thermodynamics. As for the development of the Newtonian (EIT), here we shall illustrate the principles of the relativistic (EIT) or transient thermodynamics by considering states describing simple fluids or mixture of fluids 18 . We begin, by first recalling that states of a simple fluid propagating on a smooth, four dimensional, time orientable spacetime (M, g), are described by a set of primary variables consisting of the conserved and symmetric 19 energy momentum tensor T , a conserved timelike particle current J and the entropy four vector S obeying:
where the inequality satisfied by S is dictated by the second law. Beyond these primary variables, an arbitrary state of the fluid is described by an additional (perhaps infinite) set of auxiliary variables denoted collectively by X µνλ...
where i ∈ (1, 2, ....) and these variables, play an important role further ahead. For a fluid mixture, besides T, S and X (i) µνλ... , an arbitrary state involves n−timelike vector fields J A with A ∈ (1, 2, .......n) that describe the n−particle currents. In the absence of chemical reactions, the primary variables (T, J A , S) satisfy
while in the presence of chemical reactions the currents J A satisfy:
here k is the number of reactions that involve the species of type A, r i is the i th reaction rate and C i A are the stoichiometric coefficients (for properties of these coefficients see [13] , [16] ).
For classical fluids, it is a common to assume that the energy momentum tensor satisfies: T µν u µ u ν ≥ 0 for all future directed timelike vectors u. By Synge's theorem [31] , this condition guarantees that T admits a unique timelike eigenvector u E normalized according to g(u E , u E ) = −1, and this u E defines the Landau-Lifshitz or energy frame. On the other hand, every timelike particle current J A defines a timelike future directed u A via J A µ = n A u A µ with g(u A , u A ) = −1. Each one of these n-fields u A define its own rest frame and for the case of a simple fluid the unique u N parallel to J defines the Eckart frame. Thus a relativistic fluid (or more general a continuous medium) in an arbitrary state, defines more than one rest frame and in general there exist no fundamental reason to choose one versus the other. In equilibrium however, we normally express (the equilibrium) thermodynamical laws relative to the uniquely defined rest frame of the flow 20 (see for instance discussion in ref. [36] ). For states away from equilibrium, thermodynamics is frequently expressed either relative to the Eckart frame or relative the Landau-Lifshitz frame. Thus the traditional approach to relativistic irreversible thermodynamics seems to be artificially tied to a particular frame, even though off-equilibrium states do not single out such a frame. This unsatisfactory situation can be improved considerably. Israel has been stressing for long period of time, that as long as considerations are restricted to states close to thermal equilibrium, there is some sort of "gauge freedom" regarding the choice of the rest frame. A consistent thermodynamical theory can be developed that is manifestly invariant 21 under changes of the rest-frame u, as long u remains within the cone defined by u E and u N . This principle will be implemented over and over in the next sections, but before we enter into the field of relativistic irreversibility first we need a clear understanding of "time reversible states" i.e. states describing thermal equilibrium of relativistic fluids.
Global thermodynamical equilibrium
In this section, we identify states that describe global or local thermodynamical equilibrium and we begin by considering first states describing global equilibrium. Following [16] , we list five conditions that the primary variables ought to obey in order that this type of equilibrium prevails. These conditions for a fluid mixture are:
1) The entropy production vanishes i.e.
2) There is a unique 4−velocity u, g(u, u) = −1 such that for all A ∈ (1, 2, ....n):
3) There exist an equation of state s = s(ρ, n A ) from which the equilibrium pressure P (ρ, n A ) can be derived from the relation
while the temperature T and the thermal potentials Θ A , A ∈ (1, .., n) are defined from the Gibbs relation
4) The thermal potentials Θ A and the reaction rates r i obey
5) The motion is rigid in the sense of Borne i.e. satisfies
(for properties of this type of fluid motions, see for instance discussion in ref [31] ).
When these five conditions hold simultaneously, the state defined by the primary variables (T µν , J A µ , S µ ) is a state of global thermodynamical equilibrium. To get insights into the properties of such states, let us define the inverse temperature vector
This definition, in combination to Θ A = cte and (70), implies that b µ is a timelike Killing field i.e. obeys
Furthermore, this equation implies
as well as the Tolman-Klein law:
Thus existence of states in global thermodynamical equilibrium require stationarity of the background spacetime (M, g) and this is a very restrictive conditions. On the other hand, states that obey conditions 1) through 3) describe states in a local thermodynamical equilibrium (as opposed to states describing global thermodynamical equilibrium). For such states, the motion of the fluid it is not rigid since condition 5) it is not any longer satisfied and thus the background (M, g) it is not required to be stationary 22 .
States in local thermodynamical equilibrium can be thought as comprising a (n + 4) dimensional spaceÊ parametrized by the thermal potentials Θ A , A ∈ (1, ..., n) and an inverse temperature vector b µ defined in (71). The "manifold of states"Ê describing local thermodynamical equilibrium play an importan role in the development of transient thermodynaics as we shall see bellow. Clearly in the so far description of the equilibrium conditions, the rest frame played a prominent role (recall the unique hydrodynamical four velocity u is defined in (66)). However, by passing to a covariant form of the Gibbs relation this prominence appears to subside. To see that point, we note that the Gibbs relation (68) in combination to the equilibrium equation of state (67) imply the following identities derived first by Israel in [16] :
where X stands for an arbitrary function. These identities incorporate a number of useful thermodynamical relations. For instance, choosing X = 1 in (76) yields (68) while for the case of a simple fluid the choice X = V = 1 n yields 22 There exist plenty of systems admitting states in a state of local equilibrium. For instance modeling a spherical steady state accretion by a perfect fluid, then conditions 1) to 3) hold provided the temperature at the sphere at infinity is for instance uniform. Such accreting states are states in local equilibrium. Relativistic kinetic theory offers other states in local thermodynamical equilibrium. For a simple relativistic gas, in a local Maxwellian distribution makes the collision integral in the relativistic Boltzmann equation to vanish and thus locally the entropy production vanishes. Moreover a local Maxwellian distribution, introduces a natural rest frame and the corresponding energy momentum tensor and particle currents have the form as in (66). Most importantly, small deviations from a local Maxwellian distribution satisfy relation (82) derived further ahead. This article does not touch relativistic kinetic theory. The interest reader is referred to refs. [35] , [38] , [39] , [41] for an introduction to this theory while for a relation of kinetic theory to phenomenology see sections (3 − 7) of ref. [4] .
where e is the internal energy per particle defined according to ρ = n(m + e) (we are employing units so that k = c = 1). However, the most important relation hidden in (76) arises by making the choice: X = u µ . Remembering that we are dealing with states in thermal equilibrium, then this choice implies
while (67) yields
Moreover, multiplying (75) by u µ and after some algebra we obtain the important relation
Notice that in the last three relations, we denoted the primary variables which describe states in (local or global) equilibrium by (
) and the reason for this notation will become clear further ahead. Relation (78) is the covariant Gibbs relation which now involves only covariant objects and thus eliminates any quantities defined relative to a specific frame. Still describes quasi-static, reversible transformations from the (global or local ) equilibrium state parametrized by (Θ A , b µ ) to a nearby (global or local) equilibrium state withinÊ. Due to this property, it may be argued that besides been an aesthetically pleasing relation, the covariant version of the Gibbs relation shown in (78) offers nothing new (since its non covariant version in (68) does exactly the same). However, that is not the case. The covariant form (78) plays an important role in the formulation of the transient thermodynamics and in the next section we discuss this point in detail.
Near-equilibrium states and their properties
In this section, we discuss the central ideas of transient relativistic thermodynamics. For this, we begin with an arbitrary point onÊ parametrized by (Θ A , b µ ) and described by (
define a new state described by the primary variables (S µ , T µν , J µ A ) that is "infinitesimally near" to (T (0) µν , J A µ (0) , S µ (0) ) but it is not an equilibrium state i.e. it is off-Ê. The central assumption invoked in [16, 4] -refereed "as the release of variation assumption."-states that during this infinitesimal displacement that lead us off-Ê, a (non equilibrium) covariant Gibbs relation holds in the form
i.e. has the same functional form as the the equilibrium Gibbs relation shown in (78) except that now in (81) the perturbations (dS µ , dT µν , dJ A µ ) leads us off -Ê (in contrast to the equilibrium Gibbs in (78) where the infinitesimal perturbations (dS µ , dT µν , dJ A µ ) leave us withinÊ). Accepting the validity of (81) and remembering that (
) obey (79), addition of (79) and (81) yields
which is the fundamental relation in the Israel-Stewart approach. In this formula S i ∈ (1, .., n) (which vanish onÊ) and additionally they depend upon the deviations δJ µ is a function quadratic in the heat flux, bulk and shear viscous stress and its functional form is discussed further ahead. We now discuss a few consequencies of the Israel-Stewart fundamental relation (82). At first, it is worth keeping in mind that in the deduction of this relation, we started from an equilibrium state onÊ parametrized by (Θ A , b µ ) and via a perturbation we displaced it to a near by off-equilibrium state described by (
). However, from the practical viewpoint, one starts from a non equilibrium state and seeks to define an equilibrium reference state onÊ so that (82) ) and we consider withinÊ an infinitesimal displacement from (Θ A , b µ ) to (Θ
The terms "first order theories", "second order theories" seem to have been coined by Hiscock and Lindblom in ref. [5] .
b µ + δb µ ) then the right hand side of (82) can be written in the equivalent form:
where in arriving at (83) and at the transformation law for Q µ , we used (80) ). This freedom in the choice of the reference equilibrium state leads to simplifications and in order to see these simplifications, at first we discuss how a reference equilibrium state is assigned. For this procedure, we follow the approach of refs. [16, 4] . Once a non equilibrium state
), has been specified, at first a four velocity u µ within the cone of angle ǫ defined by u E and u N is chosen. For this u, the variables (T (0) µν , J µ (0) ) for the reference equilibrium state are chosen so that the following fitting conditions hold:
The rest of the thermodynamical variables s(u), T (u) and P (u) for the reference equilibrium state are constructed by appealing to the equilibrium equation of state and the equilibrium Gibbs relation (68). For the so defined equilibrium reference state, the fundamental relation (82) in view of (79) yields
which implies that the entropy density s(x) = −u µ S µ of the actual state as measured the u-observe and the entropy density s 0 (x) = −u µ S µ 0 of the equilibrium reference state obey
This means that the two densities agree to first order deviations and differences appear to the second order in deviation from the equilibrium. Moreover s(x) = −u µ S µ attains its maximum value at equilibrium (under the assumption that the fitting conditions (85) hold among all states with the same (ρ(u), n A (u)), if and only if Q µ is timelike and future directed.
Relation (87) has another important consequence: The thermodynamical pressure P (u) of the non equilibrium state and the equilibrium pressure P (Θ, b) in (82) agree to first order in deviations from equilibrium and this property can be seen as follows:
At first, for the state (T µν , J µ , S µ , X µν.... i
) the thermodynamical pressure P (u) and the the bulk pressure π(u) as perceived by the u observer satisfy 1 3
where T µν is the energy momentum tensor and ∆(u) µν is the projection tensor associated to the particular u (the above relation will become clear further bellow, see eq. (89)). On the other hand, the covariant form of the non equilibrium Gibbs relation imply
and thus for an isentropic expansion we have T −1 (dρV ) + P (u)d(V ) = 0 from where we deduce that
where the partial derivatives are computed at fixed entropy per particle and particle density and we passed to the second equality by appealing to the (85) and (87). However, this relation implies that the thermodynamical pressure P (Θ, b) of the reference equilibrium state agrees to first order deviations from equilibrium with the actual thermodynamical P (u) and here after we shall not differentiate between the two pressures.
Up to this point, the rest frame specified by the four velocity u enters into the theory via the fitting conditions (85) and it is entirely arbitrary (except that is restricted to lie within the cone specified by u E and u N ). Relative to this frame, we decompose the primary variables T and J according to
where h(u) µ , n(u) µ stand for the energy flow and particle "drift" relative to the uframe, ∆ µν (u) are the components of the projection tensor 25 and the spatial symmetric shear tensor τ (u)
µν is decomposed according to
where π(u) and π(u) µν stand for the bulk and shear stresses (relative to the uobserver). Combining these decompositions with the fundamental relation (82) in view of the fitting conditions (85), we find
The appearance of the four velocity u in that formula as well as in (89) and (90) is a reminder that these decompositions are frame dependent 26 , and this dependance raises some delicate questions regarding the interpretation of the theory. Closely related to this problem, is the problem of implementing the second law for the entropy vector § µ described by (91) and in particularly the role that the functions Q µ play in that implementation. Bellow, we address these problems and at first we consider the dependance of the decompositions (89), (90) and (91) upon u. As long as considerations are restricted to near equilibrium states, then the variables π µν (u), ρ(u), n(u) etc appearing in (89), (90) and (91) (except Q µ ) are invariant to first order deviation from equilibrium and thus they are considered as been "frame independent" and this property settles the invariance of the theory under changes of the rest frame.
In order to address these "invariant properties", in details, let Z stands for an arbitrary thermodynamical variable that exhibits a u-dependance. The variation δZ := Z(û) − Z(u) that this Z suffers under a change of the rest frame i.e. u µ →û µ can be cast into the form:
where (a 1 , a 2 ....) are well defined functions and O 1 , O 2 , ... stand for terms of first, second,...order deviations from equilibrium. Thermodynamical variable having the property that a 1 := 0 are considered to be frame-invariant to first order deviations from equilibrium and the following two lemmas describe the transformations properties of several thermodynamical variables under a change of the rest frame.
Lemma 1 Let (u,û) be two arbitrary (future directed) timelike unit vectors within the cone spanned by u E and u N and let
with δ µ subject to: |δ| ≤ǫ 1 ≤ O 1 , so thatû − u ≤ǫ 1 ≤ O 1 . Suppose that the primary variables T µν and J µ relative to the u-frame admit the decomposition shown in (89) and (90) while relative to theû-frame admit the decomposition
Then under the transformation (92) the following relations hold:
Lemma 2 Under the same assumptions as in the previous lemma, the following combination
is frame invariant i.e.
The proof of these two Lemmas are a discussed in the Appendix.
As a first application of these Lemmas, we note that the spatial vector q µ (u) in Lemma 2 defines the frame independent heat flux vector, since q µ (u N ) relative to the Eckart frame reduces to the energy flux h µ (u N ). It is a useful quantity and by eliminating the energy flux h µ (u) in favor of the heat flux q µ (u) in (91) we find
If for the moment, we ignore the Q µ term, then the right hand side is manifestly frame invariant and thus valid in any frame as long as O 2 , O 3 .... deviations from equilibrium are neglected (assuming always Q µ = 0). The flux vector S µ in (95) represents the entropy of the actual state correct to O 1 deviations from equilibrium and due to the "frame invariance property" we eliminate any reference to the four velocity u of the rest frame.
The transformation properties of the right hand side of (95) in the presence of the Q µ term will be addressed in the next sections. However for the moment we discuss the implementation of second law required to be satisfies by the entropy flux vector S µ . For this, it is more convenient to form the covariant divergence of (82) which in view of the conservation laws satisfied by the primary variables, results
Since however, (80) implies
therefore we conclude from (96)
By inserting the decompositions in (89) in view of the forms of T 0 µν and J 0 µ , we find
where a µ = u ν ∇ ν u µ is the four acceleration 27 of the velocity field u. The above formula suggests that in order to impose the second law (and and discuss invariance properties of the right hand side of (95) and (99) under change of frame, ) the term Q µ has to be specified. Since we have already mentioned that first order theories are characterized by the choice Q µ := 0 it is convenient to discuss first the implications of this choice.
Eckart and Landau-Lifshitz first order theories
For the choice Q µ = 0, the entropy vector S µ in (95) reduces to
which is the entropy flux due to the convected motion and an irreversible contribution generated by the heat flux q µ . In order to introduce the Landau-Lifshitz theory ( for an introduction to this theory see for instance [3] ), we choose the unique timelike eigenvector u E of the energy momentum tensor T µν to identify the rest frame. For this choice, we have the decompositions
and upon substituting these decompositions in (98) with Q µ = 0, we get 27 Note that a misprint in equation (2.28) of ref. [4] . The term proportional to four acceleration in that equation should appear with a negative sign. It is however quoted correctly in [16] , see equations (72, 73) in that reference. 28 In the formulas (101) through (104), we write u instead of u E .
where in above and here after < ∇ µ u ν > signifies the symmetric traceless part of ∇ µ u ν . By introducing the heat flux vector q µ defined in (94) with h µ = 0, we write the above formula in the form
Implementation of the second law leads to following phenomenological relations:
where and in standard notation κ is coefficient of thermal conductivity and (ζ v , ζ) the coefficients of bulk and shear viscosity.
A similar procedure can be applied for the Eckart theory (see for instance ref. [2] ), and this theory is generated by choosing the rest frame to be defined by the four velocity u N obeying J µ = nu µ N . For this choice, we employ the decompositions
Substituting these decompositions in (98) with Q µ = 0, a short calculus shows that
Relative to this frame, (94) implies h µ = q µ and by similar analysis as for the case Landau-Lifshitz case, we deduce the following phenomenological relations:
where the coefficients (κ , ζ v ζ) have the same meaning as for the Landau-Lifshitz theory.
Although the theories of Landau-Lifshitz and Eckart are simple theories, nevertheless are pathological theories. For a critical analysis of the problems plugging these theories see for instance refs. [5] , [6] . 29 Here again in the formulas (105-107) u stands for u N .
Second Order Theories: The Hydrodynamical Approximation
In this section we address the nature of the term Q µ in the entropy flux S µ for the case of a simple fluid. Israel and Stewart, based on results of the kinetic theory proposed that S µ (and thus Q µ ) should be independent of the gradients of J µ and T µν and moreover should be quadratic in variables π(u), π(u) µν , q(u) µ , h(u) µ defined in the decompositions (89-90). This ansatz amounts to the hypothesis that a non equilibrium state of the fluid is adequately specified by the hydrodynamical variables J µ and T µν . Within the "hydrodynamical description", they argue in [16, 4] that the most general form of Q µ (u) has the form
where the terms R µ stands for
This ansatz, contains five coefficients β i , i ∈ (0, 1, 2, ) and α j , j ∈ (0, 1) that are arbitrary function 30 . By appealing to the formulas in two Lemmas, it follows that this Q µ is frame independent to order O 2 and due to this property, the explicit dependance of the thermodynamical variables in the right hand side of (108, 109) upon the four velocity u has been ommited.
In order to impose the second law and derive phenomenological equations, the form of Q µ in (108) ought to be substitute in (99) and proceed as for the case of first order theories. Unfortunately however, the intermediate calculations are lengthy and bellow we simply quote the structure of the phenomenological equations for a simple fluid and for the choice of the Landau-Lifshitz and Eckart frames 31 . For the Landau-Lifshitz frame, the phenomenological equations and in our notation are given by:
30 It is worth observing that the function R in (109) is free of arbitrary functions and does not contain the cross term πh µ . These properties are not an accident but they are consequences of the requirement that R µ should be frame-independent to order O 2 and this requirement fixes the structure of the R µ . For a further discussion on the structure of Q µ in (108), the reader is refered to original article of Israel and Israel and Stewart refs. [16, 4] . 31 In an extended version of this article [24] , intermediate steps of these long computations are given and furthermore some applications and the structure of the theory are also discussed.
where in above angular brackets signify:
and it is undertood that u in above stands fo u E .
For the Eckart frame, the phenomenological equations take the form
where again the angular bracket is defined as in (113) and in these last three equations u stands for u N . In these two sets of phenomenological equations, a dot signifies differentiation along the u-flow lines, for exampleπ = u µ ∇ µ π etc. As they stand, these set of equations provide the evolution equations for the the heat fluxes and corresponding bulk and shear stresses and these equations are in addition to the dynamical equations arising from the conservation laws. For additional discussion of their structures as well the role of kinetic theory in specifying the corresponding coefficients β i and α j the reader is refereed to [16, 4, 24] .
Conclusions
In this article, we highlighted the principles underlying classical irreversible thermodynamics (CIT), the extended irreversible thermodynamics (EIT) within a Newtonian framework and the structure of transient relativistic thermodynamics. At the Newtonian level, both (CIT) and (EIT) have found numerous applications in science and technology. In particularly (EIT) find applications in the treatment of heat transport in micro and nano systems, shock structure of waves propagating on hydrodynamical systems, phenomenological hydrodynamics etc, and the interested reader for an overview of successes (and failures) of extended theories is refereed to the recent edition of the book [21] . Further reviews regarding the status of (EIT) can be found in the 1984 Barcelona conference proceedings [23] , and also in refs. [25] , [26] , [27] . As far as the transient thermodynamics is concerned, slowly the field enters into the menu of relativists. As we have seen in the last section, within the context of the hydrodynamical description, second order theories involve a complicated set of phenomenological equations. The complete hydrodynamical system, besides the four velocity, particle density (or densities) and energy density involves the heat flux, bulk stress and shear stresses as independent dynamical variables. The inclusion of these variables makes the extended theories much harder to apply than the first order theories like Eckart or Landau-Lifshitz. The latter theories are relatively simple but of course their applicability is restricted to sources where temporal or spatial variations of the heat flux and viscous stress are much larger than the mean free time or mean free path and in addition one has to live with the unpleasant feature of instabilities and infinity propagation of disturbances (contrast the results in [5] , [6] ).
Despite the complicate dynamics, transient thermodynamics finds its place within cosmology and astrophysics. A tractable system where the effects of transient thermodynamics can be accounted for involves the spatially homogeneous and spatially isotropic cosmological models. Even though traditionally these cosmologies postulates an adiabatic expansion, nevertheless during the evolution of the Universe there exist processes where the adiabatic assumption may be questioned. In process like the GUT-phase transitions, reheating after inflation, decoupling of neutrinos or photons from the matter, transient thermodynamics is applicable. In that regard, the dynamics of a spatially homogeneous and isotropic cosmological models coupled to a dissipative fluid has attracted the interest of cosmologist. Since the energy momentum tensor of a dissipative fluid has to respects the symmetries of the background geometry, it follows that such states involve only a non vanishing bulk viscosity and this property makes the coupled Einstein-dissipative fluid system a tractable system to analyze. For various applications of transient thermodynamics to Cosmology 32 , the reader is refereed to refs. [42, 43, 44, 45, 46] and also chapter (18) of ref. [21] . Applications of the theory to problems in gravitational collapse are more scarce, even though gravitational collapse offers many scenarios where transient thermodynamics is applicable. One such scenario corresponds to the phase during the complete gravitaional collapse where neutrinos pass from the free streaming to the trapped regime. We are not aware of any treatment of this problem within the Einstein dissipative fluid system although some initial attempts in that directions have pursued in [49] . Moreover in ref. [47] , [48] transient thermodynamics applied to radiation fluids with emphasis to the survival of density perturbations and implications upon the structure formation. Finally it is of interest to note that the relativistic version of the Shakura-Sunyaev geometrically thin, optically thick accretion disks (see for instance [50] ) the accreting material is modeled by a viscous fluid. The thermodynamical description of this accreting fluid employs the Eckart frame, and assumes conditions on the stresses and heat fluxes such that the conventional theories apply. It would be of some theoretical interest to examine whether disk like solutions modeling the accreting matter with a viscous fluid exhibiting rapid spatial variation in stresses and fluxes so that transient thermodynamics applies are admitted and whether such solutions have any physical relevance.
We finish this article by mentioning the important results by Hiscock and Lindblom [5] dealing with the connection between the stability of equilibrium configurations on one side and the hyperbolicity plus causality of the transient hydrodynamical equations on the other. They have shown for the "second-order theories" that causality and stability are virtually equivalent properties within this class of theories. This is a very positive development but establishing the proof is very complicated and the reader is refereed to the original article for details. In overview of these that important issue can be found in the article by Israel [51] .
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Appendix
In this appendix, we outline the proves of the two lemmas used in the main text. For this, suppose that (u,û) are two (future pointing) unit timelike vectors lying within the cone spanned by (u E , u N ) so that they represent two admissible rest frames. These frames are related by a transformation u →û that can be convenient represented bŷ
where the spacelike vector δ is orthogonal to u. Since by hypothesis u E − u N = O 1 and both u andû lie within the cone spanned by (u E , u N ), the components of δ µ in (117) are subject to: δ µ ≤ǫ 1 ≤ O 1 implying that u −û ≤ǫ 1 ≤ O 1 . Let now Z be an arbitrary thermodynamical variable. In this Appendix, we study the variation δZ = Z(û) − Z(u) that Z suffers under the transformation described by (117). For this, at first we establish the transformations properties of the projectors ∆ 
which shows validity of (119).
Next we prove:
We start from
where we have ignored terms O(δδ a ). Finally we prove:
We have the following sequence of operations:
Suppose now that relative to the rest frames defined by u respectivelyû, the tensor T µν admits the decompositions shown in (89) respectively in (93) and let ρ(u) = T µν u µ u ν and ρ(û) = T µνû µûν are the energy densities measured relative to u respectivelyû. We have the following operations:
ρ(u) = T µν u µ u ν = [(ρ(û) + P (û))û µûν + P (û)g µν + h(û) µ u ν + h(û) νûµ + τ (û) µν ]u µ u ν = = (ρ(û) + P (û))(û µ u µ ) 2 − P (û) + 2h(û) µ u µ + τ (û) µν u µ u ν = = ρ(û) + (ρ(û) + P (û))δ 2 + 2h(û) µ u µ + τ (û) µν δ µ δ ν from where it follows that δρ := ρ(û) − ρ(u) = −(ρ(û) + P (û))δ 2 + 2h(û) µ δ µ − τ (û) µν δ µ δ ν where we used u µ =û µ − δ µ + O(δ) 2 . The last term is of the order (δ) 2 as we shall see further bellow. Notice for the choiceû = u E , the results agree with the results in the Appendix of ref. [16] . We now consider the transformations properties of the energy flow vectors h µ (u) and h(û) µ . Either from the decompositions (89) With these formulas, and by considering the transformations u E → u →û it is not difficult to establish the transformation properties in two Lemmas.
